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Two phenomcnological variable A models, viz. A ~ (a/a) 2 and A ~ p have been studied 
under the assumption that the equation of state parameter uj is a function of time. The 
selected A models are found to be equivalent both in four and five dimensions. The 
possibility of signature flip of the deceleration parameter is also shown. 
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1. Introduction 

Recent years have witnessed the emerg ence of the idea of an accelerating Universe 
and due to some observational results it j s now established that the Uni- 

verse is accelerating. This signifies a paradigm shift in cosmological research from 
expanding Universe to accelerated expanding Universe. Now, the problem lies in 
detecting an exotic type of unknown repulsive force, termed as dark energy, which 
is driving this acceleration. A key factor in dark energy investigation is the equa- 
tion of state parameter uj, which relates pressure and density through an equation 
of state of the form p = tup. Due to lack of observational evidence in making a 
distinction between constant an d va riable u>, usually the equation of state param- 
eter is considered as a constant with phase wise values 0, 1/3, —1 and +1 for 
dust, radiation, vacuum fluid and stiff fluid dominated Universe respectively. But 
in general, w is a function of time or redshift [ 7 | 8 | 9 | 10 | f Tl F r instance, quint essence 
models involving scalar fields give rise to time-dependent w | 1^ | 13 | 14 | 15 | 16 [ There 
is literature available on models with varying fields, such as cosmological model 
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with a time dependent equation of state in a Kaluza-Klein metric, cosmological 
model with a viscous fluid in a Kalu za Klein metric and wormholes with varying 
equation of state paramete J^^ ^l So, there are enough grounds for considering 
u as time-dependent for a better understanding of the cosmic evolution. 

Now, various types of physical models including phenomenological ones (with 
time-dependent A) are contemplated for unveiling the nature of dark energy. It may 
be mentioned here that phenomenological time-varying A models were proposed 
initially even before the emergence of the idea of cosmic acc eleration for solving 
the well known cosmological constant problem | 20 | 21 | 22 | 23 | 24 | ^ p regen ^- ; various 
kinematical A models of phenomenological character are proposed for explaining the 
present acceleration. In a recent work, Ray et al. =2 have shown the equivalence 
of three phenomenological A models, viz. A ~ (a/a) 2 , A ~ a/a and A ~ p in four 
dimensional space-time for constant u> while the same three models of A were sho wn 
to be equivalent in five dimensional Kaluza-Klein type model by Pradhan et al!^ 
treating ui as a constant quantity. So, it is quite natural to investigate the behaviour 
of the above three models when the equation of state parameter is a function of 
time. In fact, Mukhopadhyay et al. I ' I " I have already made an attempt in this 
direction by investigating two other dynamical A models, viz. A ~ H 3 and A ~ H 
with variable equation of state parameter. 

In the present work, an investigation of the models A ~ (a/a) 2 and A ~ p are 
made under the ansatz u = u(t) both in four and five dimensional space-time. For 
a flat Universe, these two models are shown to be equivalent for variable oj both in 
four and five dimensions. Some other features, revealed by letting w be a function 
of time, have also been observed. 

2. Field Equations in four dimensions and their solutions 

The Einstein field equations are given by 

r .. A .1 

(1) 



2 y 



jnj _ _^_ r .ij 

8nG y 



where the cosmological term A is time-dependent, i.e. A = A(i) and c, the velocity 
of light in vacuum, is assumed to be unity. 

Let us consider the Robertson-Walker metric 

dr 2 



ds 2 = -dt 2 + a(t)" 



1 — kr 



2 



r 2 (d6 2 + sin 2 6d(j) 



(2) 



where k, the curvature constant, assumes the values —1, and +1 for open, flat 
and closed models of the Universe respectively and a = a(t) is the scale factor. For 
a flat Universe (fc = 0) and the spherically symmetric metric (2), field equations (1) 
yield Friedmann and Raychaudhuri equations respectively, given by 

3H 2 + % = ^Gp + A, (3) 
3H 2 +3H = -AttG{ P + 3p) + A, (4) 
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where p and p are the cosmic matter-energy density and pressure respectively and 
the Hubble parameter H is related to the scale factor by H = a/a. 
Let us now choose the barotropic equation of state 

P = up. (5) 

Here we assume that the equation of state parameter u) is time-dependent i.e. 
lu = uj(t) such that lu — (t/r) n — 1, where r is a constant having dimension of time. 
From equation (3), for fiat Universe, we get 

P= ^r^ (6) 
Using equation (5) and (6) in (4) one can get, after some manipulation, the following 
differential equation 

dH = (l+o.)(A-3g 2 ) 

dt 2 1 1 



2.1. A = 3aH 2 

Let us use the ansatz A = 3aH 2 (where a is a free parameter) along with u = 
{t/r) n — 1. Then equation (7) reduces to 

dH _ 3(1 -a)t" 



Solving equation (8), we get 

_ 2(n +1)t" 

3(1 [) 

Writing H = a/am. equation (9) and integrating it further we get our solution set 



as 



a(t) = Cie^^T (t/Tr ", (10) 

where C\ is an integration constant. 

It is interesting to note that putting n — (i.e. oj = 0) and r = 1 in equations 
(9), (11) and (12) we can recover the same expressions for H(t), p(t) and A(i) 
respectively as those obtained by Ray et al. But, equation (10) indicates that n 
cannot be equal to zero. Moreover, the expression for a(t) in equation (10) differs 
from that of Ray et al. So, in general, the constant to of Ray et al. and 
time-varying lu of this case present us with different situations. 
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By using equations (6) and (9), we get^ 

a=l-n m = n A , (13) 

where, in absence of any curvature, matter density f2 m and dark energy density 
are related by the equation 

n m + n A = i. (w) 

2.2. A = 8ivGjp 

Using the ansatz A = 8nG^p (where 7 is a parameter) in equation (7) we get the 
differential equation 

— = 3ff2 t n (15) 
dt 2(7+1)t" ' v ' 

Solving equation (15), we get 

g= a = 2(7+1)^1)7- (16) 

Again, solving equation (16) we get our solution set as 

a(t) = C 2e - 2( ^ +1) (^)- (17) 

^= (7 + 1) 6^ 1)2r2% ' 2(W+1) ' <"> 
Aft) = 47(7 + l)(n + l)V" t _ 2( » +1)! (1Q) 

o 

where C2 is an integration constant. In this case also, for n = and r = 1 we 
get back the same expressions for H(t), pit) and A(t) as those obtained by Ray et 
al.^3. But here again n = is forbidden via equation (17). Thus for the A ~ p case 
also, variable oj and constant u> present us with different situations. 



3. Field Equations in five dimensions and their solutions 

Kaluza-Klein type Robertson- Walker metric is given by 

dr 2 



ds 2 = -dt 2 + a(ty 



1 — kr 2 



+ r 2 id6 A + sin 2 6d(j) 2 ) + (1 - kr 2 )di) 2 



(20) 



For the metric (20), the field equations (1) yield the following two differential equa- 
tions 

6 ( ff2 + ^) =87rp + A(i), (21) 
3H + 6H 2 + 3-^ = -8np + A(i), (22) 
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where G = c = 1. 

From (21), for flat Universe (k = 0), we can write 

P=-^- (23) 
Using equations (5) and (23), for k = 0, we obtain 

3H + 6(1 + lo)H 2 = (1 + w)A. (24) 

3.1. A = 3aif 2 

Let us substitute w — (£/ T )™ — 1 in equation (24), where r has the same significance 
as before. Then from equation (24), after use of the ansatz A = 3aH 2 7 we get 

H = (a-2)(t/r) n H 2 . (25) 

Solving equation (26), we have 

H _ (n + l)r" 

ff -(2- a )t«+i' (26) 

Again, writing 7J = a/ a in equation (26) and solving the resulting differential 
equation we get our solution set as 

a(t) = C 3 e^^ (t/r) ~", (27) 



(2 - a^ 2 



A(t) = "~ v ;; 1 r 2{n+1 \ (29) 



where C3 is an integration constant. 

Equation (27) shows that for physical validity n^O. Also, from equation (26) 
we find that a < 2 if r is positive. But, equation (29) tells us that for a repulsive 
A, a > 0. So combining these two cases we can write < a < 2. 

3.2. A = 8tt7p 

Using the ansatz A = 8ttjp, equation (24) reduces to 

(7 + l)r™ v ' 

Solving equation (30), we get 

g= (n + l)( 7 + lK 
2t"+ 1 

Writing H = a/a in equation (31) and solving the resulting differential equation, 
we get our solution set as 

a(t) = C<e= Ss± % a± *<*M- n , (32) 
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^ =3(n+1) i6r 1)r2% " 2( " +i3 ' ^ 

A(t) = 3 7 ( 7 + l)(n + l)V" f _ 2(n+1); (34) 

where C4 is an integration constant. 

Equation (32) shows that, for physical validity n ^ 0. Again, by equation (31), 
7 > — 1 for a positive r, whereas equation (34) tells us that for repulsive A either 
7 > or 7 < — 1. So, a positive 7 will make all the equations (31), (33) and (34) 
physically valid. 

4. Equivalence of A models 

4.1. Four dimensional case 

Using equations (6) and (9) it is easy to obtain^] 

a = 1 - O m = Cl A , (35) 

where, in the absence of any curvature, matter-energy density Sl m (= 
8irGp/3H 2 ) and dark energy density J7a (= A/3-ff 2 ) are related by the equation 

n m + n A = 1. (36) 

Similarly, using equation (16) and (18), we find that 7 is related to Q m and J7a 
through the relation 

? = fr- (37) 

Now, by the use of equations (35) and (37) we find that equations (10) and (17) 
differ by a constant while the equations (11) and (12) become identical to equations 
(18) and (19). This means that, A ~ (a/a) 2 and A ~ p models are equivalent. 

4.2. Five dimensional case 

Coming to the five dimensional Kaluza-Klein model, we find that with the help of 
equations (23) and (26), one can easily obtain 

a = 1 + A , (38) 

for A ~ (a/a) 2 model. It is to note that equation (36) still holds in the 5D case. 
Similarly using equations (31) and (33), we get 

7=—^ , (39) 

for A ~ p model. 

With the help of equations (38) and (39) it is easy to show that the equations 
(27) and (32) differ by a constant while equations (29) and (30) become identical to 
the equations (33) and (34) respectively. This implies that A ~ (a/a) 2 and A ~ p 
models are equivalent for five dimensional space-time also. 
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5. Physical Features of the models 
5.1. Some Features of r and lo 



Apart from being a mere mathem atical par ameter, r bears some deeper physi- 
cal significance also. In some works I ^pU I jI I ft nas been shown that r represents 
the time-scale of evaporation of Bosc-Einstein condensates which include a time- 
dependent A. In the present work, r is linked with the equation of state parameter 
lo and cosmic time t. The exact nature of lo and t dependence of r may be explored 
elsewhere after n is specified properly. 

Although in the present work the equation of state parameter lo is taken as 
time-dependent, it can be a function of the red-shift z or scale factor a as well. The 
r ed-sh ift dependence of lo can be linear like lo(z) = loq + lqIz with loI — (dioi /dz) z — 
1 32 | 33 | or non-linear as lo(z) = loo + loiz/(1 + z) I 34 | 35 | n 0Wj m ^ ne p re sent work, 
the structure of lo suggests that it is of the form uj(t) = io a + c Jit" which can be 
regarded as a generalization of the special form io(t) = loq + LOit^\. 

Now, t can be expressed as 

t = -, (40) 

Since r has dimensions of time, it cannot be negative. This implies that w > — 1 
for integral values of n. SN la data suggest that —1.67 < lo < —0.62 while the 
limit imposed on lo by a combination of SN la data (with CMB anisotropy) and 
galaxy clustering statistics ^ is —1.33 < lo < —0.79 . So, if the present work is 
compared with the above-mentioned experimental results then, one can conclude 
that the limit of lo provided by the equation (40) may be accommodated within 
the acceptable range (Figs 1 and 2). Also it is clear that for the present dust- filled 
Universe (lo = 0), r is equal to t whereas for vacuum fluid r becomes meaningless. 



5.2. Calculation of the deceleration parameter 

The deceleration parameter q is a very important factor for understanding cosmic 
evolution. Particularly after the emergence of the idea of an accelerating Universe, 
the role of th is parame ter has become even more important. This is because some 
recent works I 40 | 41 | 42 | nave demonstrated that the present acceleration is a phe- 
nomenon of the recent past and was preceded by a decelerating phase. This cosmo- 
logical picture supports the presently favored A-CDM Universe. So, during cosmic 
evolution the deceleration parameter q must have undergone a change of sign from 
a positive to a negative value. So, calculation of q from our model is essential for 
detecting a possible signature flip of q. 

Now, using equations (9) and (35) we can obtain 

= -[1 - im m {t/r) n ]. (41) 



H 
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Fig. 1. The plot of u vs. t for different values of n in early epoch. 



Equation (42) shows that in the four dimensional case the expression for q contains 
a time factor and hence with a suitable choice of n, q can show its change of sign 
(Figs 3 and 4). Similarly, in the five dimensional case, using equations (26) and (38) 
the expression for q reduces to 

q = -[l-n m (t/ T ) n }. (42) 

Equation (42) shows that q is time-dependent for the five dimensional case also and 
hence may change its sign during cosmic evolution (Figs 5 and 6). So, for A ~ (ct/a) 2 
model, q shows the possibility of a change of sign in both four and five dimensions. 
Since A ~ (a/a) 2 and A ~ p models are equivalent, it is clear that A ~ p model 
will also show change of sign of q. 

Again, q can be written in terms of u as 

g = -[l-1.5n m (l + w)], (43) 

in the four dimensional case and 

q=-[l-Q m (l + u)], (44) 
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Fig. 2. The plot of d vs. t for different values of n in late time. 



in the five dimensional case. 

Now, considering various experimental and theoretical results, one can saf ely 
assume that the present value of the cosmic matter-energy density (fi m o)as 0.33^ 
(though seems rather a bit high value as given WMAP5 results). So, for the present 
dust-filled Universe {uj = 0), in the four dimensional case the value of q comes out 
as —0.505 which is i n ni ce agreement with the present accepted range of q for an 
accelerating Universe ^3. For the five dimensional case, q = —0.67 for the same set 
of values of f2 m o and Q and hence that also supports the idea of an accelerating 
Universe. 



6. Discussion 

Although some specific constant values for the equation of state parameter lj are 
used for different phases of the cosmic evolution, that technique suffers from some 
kind of discreteness problem. The transition from one cosmic era to another can be 
understood better with a variable U). So, in order to have a continuous picture of 
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5 - 




n = — 1.1 - n = — .5 n= — .8 



Fig. 3. The plot of q vs. t for different values of n with fixed Q m in four dimension. 

cosmic evolution, to should be regarded as time-dependent. In the previous sections, 
by selecting a simple power law expression of t for the equation of state parameter 
ui, equivalence of the models A ~ (a/a) 2 and A ~ p has been established in both 
four and five dimensions. In the four dimensional case, the parameters of the two 
equivalent models bear the same relatio nshi p with cosmic matter and vacuum en- 
ergy densities as was found by Ray et al.^^for constant u>. But in five dimensions, 
the relationshi p of the same two parameters with fi TO and J7a differ from that of 
Pradhan et al. =2l It has also been possible to show that the sought-for signature 
flipping of the deceleration parameter q can be obtained by suitable choice of n 
in both four and five dimensions. This feature of the work satisfies an important 
criterion of A-CDM cosmology. It should be mentioned that the model A ~ fa/a) 
which was shown to be equivalent to the present two A models by Ray et al. ^5] ( m 
four dimensions) as well as by Pradhan et al. (in five dimension) is found not to 
be equivalent to the two models considered here when u is time-dependent. 

If we now look at the plots, our observations regarding these are as follows : 
(1) The plots (Figs 1 and 2) for ui show that in the early stage, it was positive 
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Fig. 4. The plot of q vs. t for different values of f2 m with fixed n in four dimension. 



i.e. in the early stages, the Universe was matter-dominated. The plots for q also 
support this (i.e. decelerating phase of the Universe). At late times it is evolving 
with negative values (i.e. at the present time). The earlier real matter later on 
converted to the dark energy-dominated phase of the Universe. It, finally, ends up 
at u) = — 1, representing a cosmological constant dominated Universe; 
(2) The plots (Figs 3-6) for q show that in the early stages the Universe was in a 
decelerating phase and at late times, it is in an accelerating one. 

Finally, the models under consideration are shown to be equivalent in both 
four and five dimensions and extension to the fifth dimension do not present us any 
basically new physical feature than the four dimensional case. So, a natural question 
can be raised: is there any justification for extension to five dimensions under the 
framework of general rela tivity? In this con nect ion we would like to mention the 
works of Kapner et al. SSI and Rahaman et al.231 where it is shown that extension of 
four dimensional general relativity to higher dimensions becomes mostly ineffective. 
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x 



n = — 1.1- n = — .5 m = — .8 



Fig. 5. The plot of q vs. t for different values of n with fixed f2 m in five dimension. 
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